Abstract-A concept of generalized matrix measure for nonlinear systems is proposed to study the stability of switched nonlinear systems directly. Based on this concept, some sufficient conditions for robust stability of switched nonlinear systems are derived by using the methods of cycle analysis and contraction analysis.
I. INTRODUCTION
Switched systems are composed of some continuous variable dynamic systems (CVDS) along with certain maps for switchings among them [2] . Recently, the stability of switched systems has been studied by many researchers. Liberzon and Morse [9] used Lie algebra to study the stability of switched systems. Branicky [2] , Li et al. [8] , and Johansson and Rantzer [5] used multiple Lyapunov functions to study the stability of switched systems. Since these methods are based on the Lyapunov stability theory, they need to find some implicit motion integrals which seems complicated [10] . It is desirable to provide a simple method to study the stability of switched nonlinear systems directly.
In this note, we shall provide such a method by introducing a new concept of generalized matrix measure for nonlinear systems. The generalized matrix measure is derived from the matrix measure, which is an effective tool for the stability and robustness analysis of linear systems [6] . Using the provided generalized matrix measure, the stability and robustness of nonlinear systems can be studied via a virtual displacement instead of Lyapunov functions. This simplifies the complexity of analysis. The method based on such a measure can be regarded as "contraction analysis method," which was firstly presented by [10] to consider the stability of a single nonswitched nonlinear systems. We shall also use this method to study the robust stability of switched nonlinear systems where the dwell time of each subsystem is in some given interval. However, the contraction analysis method cannot be directly used to study a switched nonlinear system because a switched nonlinear system is always composed of some unstable subsystems. To overcome this difficulty, the methods of contraction analysis and cycle analysis should be used together to study the stability and robustness of switched nonlinear systems.
The rest of the note is organized as follows. The problem is formulated in the following section. Generalized matrix measure is proposed in Section III and the main results are derived in Section IV. Section V contains a numerical example to illustrate the application of the main results. Finally, the note is concluded in Section VI.
II. PROBLEM FORMULATION
This note considers the following switched nonlinear systems which is composed of finite number of CVDS: _ X(t) = f(X(t); m(t)) + 1f(X(t); m(t)) (1) where X(t) 2 R r is the continuous state and m(t) 2 M = f1; ...; ng is the discrete state, m(t) is left continuous with each i corresponding to a vector field f(X(t); i). In (1) (2) some "switchings" will occur as follows [1] : The system is said to be locally asymptotically stable with respect to a given trajectory if all trajectories in its neighborhood remain in the neighborhood and converge to the given trajectory. This given trajectory can be either an invariant set or an equilibrium. When we consider the robust stability of the switched system, we only consider the case of an equilibrium. Equation (4) implies that the dwell time of CVDS i is in a given interval [11;i; 12;i] . This assumption has also been used in [9] and [11] , and it is a quite common assumption.
The Objective: In this note, we shall study the local robust stability of the switched systems (1) and (3) satisfying (4) by using some simple and direct method, rather than finding some implicit motion integrals using Lyapunov theory as in [7] and [11] . The system given by (1) and (3) can be regarded as an n-dimensional fluid flow, where _ X is the n-dimensional "velocity" vector at the n-dimensional position X. Then equations (1) and (3) without perturbations (i.e., 1f 0; 1h 0) yields the differentiable relations [10] dX(t) dt = @f @X (X(t); m(t))X(t)
III. GENERALIZED MATRIX MEASURE
and
where X is a virtual displacement which is an infinitesimal displacement at fixed time. Note that a virtual displacement, pervasive in physics and in the calculus of variation, is also a well defined mathematical object.
From (5) and (6), we have
In this note, we derive some sufficient conditions for the stability of switched nonlinear systems by considering the characteristics of X T X along each type of cycle. To achieve this, we shall introduce the concept of the generalized matrix measure for nonlinear systems. Therefore, our definition reduces to the standard definition of matrix measure and matrix norm when f(x) is a linear function. For more background about matrix measure and its application in robustness analysis of linear systems, please see [12] and [4] .
We now derive some properties of the generalized matrix measure. 
It can be known from (5) and (6) and Definition 1 that the virtual displacement can be used to study the stability and robustness of nonlinear systems with the help of generalized matrix measure and its properties.
IV. MAIN RESULTS
Before presenting the stability result in this note, we introduce the concept of cycles and give some supporting results.
A logical path in the switched systems (1) and (3) state appears more than once except for the one that is the first and the last is a cycle. We can find all types of cycles by using graph theory [3] . In this note, we suppose that the total number of the types of cycles is 0 and we denote these cycles as LC(1); LC(2); ...; LC( 0 ). We now state some results about cycles.
Lemma 2 [7] (Cycle Lemma 1): Every closed path is composed of some cycles.
Lemma 3 [7] (Cycle Lemma 2): Suppose that (l+1) discrete states m(t 
In this note, we suppose that the following assumption holds.
Assumption 1:
There exists a compact set SCS CS such that SCS contains the given trajectory and for each LC(j)(1 j 0), Remark 2: We now give a general method to check Assumption 1. Without loss of generality, we suppose that the given trajectory is X(t)(t t 0 ) and definê
Check if there exists a 0 such that the set fX(t)jkX(t)0X(t)k < 0g
is a subset of CS and ifj (X(t)) < 0 holds for all j. If so, then Assumption 1 holds. The reason for this is presented as follows.
Sincej (X(t)) < 0, then there exists a j(1 j 0) such that when kX(t) 0X(t)k < j , we havê j (X(t)) < 0: Let = (1=2) min 0j f j g and SCS = fX(t)jkX(t) 0X(t)k g:
Then Assumption 1 holds with SCS given in (23).
For a given system, there may be some other better methods to find a larger compact set SCS to satisfy Assumption 1, for example, an alternative method presented in the numerical example in Section V. It follows that (24) holds. We now consider the stability of a switched nonlinear system of the form (1) and (3) without perturbations.
Theorem 1: A switched nonlinear system of the form (1) and (3) without perturbations (i.e., 1f 0; 1h 0) is locally asymptotically stable with respect to a given trajectory if Assumption 1 holds.
Proof: Suppose that the radius of the largest ball in SCS is r. Let (31) hold true, as shown at the bottom of the page. We now show that the switched nonlinear system is asymptotically stable if kX(t0)k r0.
We divide the proof into three steps.
Step 1: We prove that for any t 0 It follows that (32) holds.
Step 2: We show that X(t) 2 SCS for any t if kXk r0 by induction.
A)
Consider the case that t0 t t + holds for all t 0 t t 00 .
From (37), we know that kX(t 00 )k e (f(X; m(t )); SCS)(t 0t ) kX(t 0 )k < r:
Clearly, this contradicts with (36). Thus, X(t) 2 SCS holds for t0 t t 0 In other words, X(t + 1 ) 2 SCS.
B)
Suppose that X(t) 2 SCS holds for all t 0 t t + N .
We consider the case that t + N t t + N+1 . From Assumption 1 and the first step, we know that as shown in the equations at the bottom of the page and By induction, we know that X(t) 2 SCS for any t.
Step 3: We shall show that the theorem holds.
Note that T NOC t ; t ! 1 as t ! 1, thus, from (35), we have
That is, the result holds. We now consider the robust stability of the switched nonlinear systems (1) and (3) . Suppose that the system satisfies the following assumptions. where C(m(t 0 j ); m(t + j )) is a known nonnegative matrix.
Remark 3:
These two assumptions are reasonable because @1f(X(t); m(t))=@X and @1h(X(t); m(t 0 j ); m(t + j ))=@X are continuous functions of X(t) and SCS and S m(t ); m(t ) are compact sets. Moreover, they imply that the perturbations are bounded by some known nonnegative matrices.
Theorem 2: Suppose that a switched nonlinear system given by (1) and (3) Obviously, d (q)=dq > 0. Therefore, when 0 < q < min 1j fp 0 (j)g, we have
[ln kh(X; i; l) + 1h(X; i; l)kS +1 3;i (f(X; i) + 1f(X; i); SCS)] < 0:
From Theorem 1, we know that the perturbed switched system is locally asymptotically stable. The dwell time of CVDS 1 and CVDS 2 are 6 and 2.5, respectively. Note that CS(1) = fXjX1 < 1=3;X2 < 3=2g; CS(2) = ;: Thus, CS = CS(1). Let 0 = 1=6. Obviously, the set fXjkXk < 1=6g is a subset of CS. It can also be checked that(0) = 02 2 6 + 2:5 2 That is, Assumption 1 0 holds.
We shall now consider the robust stability with SCS given in (41).
From Assumption 2, we obtain B(1) = 2 0 0 1 B(2) = 1 0 0 1
:
From Corollary 2, we know that when q < 1=14:5, the switched nonlinear system is locally asymptotically stable with respect to X e = 0.
VI. CONCLUSION
We have proposed a new concept of generalized matrix measure for nonlinear systems to study the stability of switched nonlinear systems directly. Based on this concept, we have derived some robust stability conditions for switched nonlinear systems by using the cycle analysis method and contraction analysis method, rather than through finding some implicit motion integrals in Lyapunov theory.
